We study the temperature (T ) dependence of the dynamical structure factor of the chiral spin liquid phase of Kitaev's honeycomb model. We find, using a recently developed analytical approach, direct signatures of the Majorana modes associated with the non-Abelian Z2 vortices (visons). In particular, a characteristic multiplet of discrete peaks at low but nonzero-T and its field dependence reflect the existence of thermally activated visons whose varying separation yields different splittings of the Majorana 'zero' modes. The resonant processes involved are specific to the Majorana modes, and will persist even in the presence of weak non-integrable interactions.
Majorana zero modes (MZM) represent particularly striking manifestation of the non-locality of quantum mechanics. They have been a focus of research for their promise of providing topological protection to quantum information by encoding it non-locally, 'fractionalised' involving two spatially separated objects [1] . Several systems have been proposed for their realization, ranging from one-dimensional p-wave superconductors [1] , via non-abelian fractional quantum Hall systems [2] to the chiral spin liquid (CSL) phase of Kitaev's honeycomb model [3] .
A most remarkable recent experiment on the quasitwo-dimensional magnet α-RuCl 3 in a magnetic field has found a half-integer quantization of thermal Hall conductivity [4] as expected for a chiral Kitaev spin liquid [3, 5, 6] where the thermal current is carried by a topologically protected edge state. Such a gapped magnetic phase is also known to host an emergent Z 2 gauge field, the vortices of which are associated with a Majorana degree of freedom. In this work, we consider the question if, and how, these degrees of freedom can be detected via bulk probes such as neutron scattering, which has already been carried out in some detail on the zero-field phase [7] [8] [9] . A characteristic signature of the Majorana modes would be particularly desirable as it would in turn amount to evidence for the existence of the non-Abelian vortices which host them, and the chiral spin liquid in turn underpinning the existence of the vortices. All three conclusions would be important milestones for the field of interacting topological phases generally, and quantum spin liquids in particular [10] .
Spectroscopic experiments on α-RuCl 3 in a field have advanced rapidly, via inelastic neutron scattering [11] , Raman spectroscopy [12] , electron spin resonance [13] and THz spectroscopy [14] . All these studies found a complicated reconstruction of magnetic modes along with the breakdown of the magnetic phase. In particular, the former two studies claim to have found a characteristic evolution of resonant peaks with decreasing temperatures and associated it with Majorana excitations.
To complement these experimental developments, we here provide a controlled theoretical analysis of the dynamics of Kitaev's chiral QSL. The dynamical structure factor [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] , which we compute, provides information on the excitation spectrum both of the ground state and, at nonzero temperatures, of the excited states. The latter aspect is important as T naturally controls the vison fugacity of the emergent gauge field, and hence provides access to a varying density of vison excitations. We are for the first time able to provide the full T -dependence of the chiral spin liquid dynamics, including low-T regime beyond the reach of quantum Monte Carlo technique [25] , thanks to the recently-developed analytical scheme [26] which we here adapt to the chiral phase; this gives us access to the real-time correlation function directly, obviating the need for an analytical continuation.
In detail, we present a set of resonant peaks which appear in a transient low-T regime, below the high-T incoherent regime. Here, a low density of thermally excited visons carry Majorana zero modes which interact with each other. The members of the multiplet of peaks reflects different processes: the displacement of free visons; pair-creation of visons; and dissociation of vison pairs. Their differing physical origins lead to distinct temperature and magnetic field dependences of the peak height, as well as the resonant frequencies. These processes are characteristic of Majorana many-body physics and as such should be robust to the addition of nonintegrable interactions.
Model: We consider the Kitaev's honeycomb model in a magnetic field, treating magnetic field in a perturbative way as pioneered in Ref. [3] , to obtain a soluble Hamiltonian for the CSL phase:
Here, S α i is the α(= x, y, z) component of spin-1/2 operators defined on a honeycomb lattice. For the first term, we classify the bonds into three groups, i, j α , along which the spins are coupled with Ising interactions of the assigned orientations [ Fig. 1 (a) ]. The second, three-spin interaction, term accounts for the magnetic field. An example of the triplets, j, k, l αβ is shown in Fig. 1 (a) . Perturbatively, the coefficient, κ ∝ hxhyhz J 2 K ; a non-integrable interaction may effectively enhance it further [27] . We rather adopt Eq. (1) as an effective model of CSL phase to compare with, e.g. the field-induced non- magnetic state of α-RuCl 3 , and consider κ as a parameter to control its excitation gap. We choose the Kitaev coupling, J K as unit of energy, whose magnitude is roughly estimated as J K ∼ 100K∼ 1meV, from neutron [28] and Raman scattering on α-RuCl 3 [29] . Throughout the paper, we set κ = 0.1, and adopt the system size, N = 16 × 16 × 2 = 512 sites. We rewrite the Hamiltonian in terms of Majorana op-erators (c j ),
where the u α ij make up the conserved Z 2 fluxes, W p . In each configuration of {W p }, we diagonalize the Hamiltonian matrix, A, to obtain N/2 pairs of eigenvalues, (ε m , −ε m ) with ε m > 0. Only the half of the eigenvalues are physical. We use the positive half of the eigenvalue spectrum to write the Hamiltonian in a diagonal form:
, where γ m is the fermionic eigenmode corresponding to ε m . This form suggests that the system energy, E, can be written as the sum of the fermionic zero-point energy, E ZP ≡ − m ε m , and the energy of excited fermions,
The flux free sector, {W p = +1| ∀p} gives the lowest E ZP , which corresponds to the ground state energy, E GS . In this respect, the hexagon p carrying W p = −1 can be regarded as an excitation, the vison.
Method: To access the physical quantities at finite temperatures, we resort to the classical Monte Carlo simulation, by sampling {W p = ±1}. In particular, we focus on the spin correlation function,
where the real-time correlation function is obtained as,
Here, A and A ′ represent the Hamiltonian matrix in Eq. (2), before and after the operation of S α j ′ (0) [ Fig. 1  (b) ]. (−1) F ph is a physical fermion parity, and Z is the partition function. For more detail of this equation, see Ref. [26] . The spin correlation is finite only up to a nearest-neighbor distance [30] due to the property that a spin flip by operation S α i reverses a pair of Z 2 fluxes on both sides of α-bond extending from site i [ Fig. 1 (b) ]. The dynamical magnetic structure factor is defined as
which is a relevant quantity to the inelastic neutron scattering experiments.
Results. To establish the gross features of the magnetic response, we first show the specific heat, C [ Fig. 2 (a) ], for κ = 0.1 compared to κ = 0. Both show a characteristic two-peak structure [31] . The first broad 'Schottky' peak is on a scale of the fermion bandwidth ∼ J K ; while the lower peak is associated with the visons, as evidenced by the concomitant appearance of a non-zero flux average, W = 2 N p W p : the cost of inserting a vison pair into the flux-free state, ∆ V , which arises due to their difference in fermionic zero-point energies, E ZP , is a proxy for that energy scale. The specific heat is insensitive to the magnetic field at higher temperatures, while the vison peak is shifted upwards in energy suggesting that ∆ V increases with magnetic field.
We now turn to the detailed analysis of the dynamical structure factor. S(q, ω) is shown in Fig. 2 for κ = 0 and κ = 0.1 (middle and right rows) for (top to bottom) T = 0.1, 0.025, and 0.012.
At the higher T = 0.1, S(q, ω) barely differs between the two cases, as was the case in the specific heat: both show broad intensity around ω = 0 and a weak continuous signal up to ω ∼ 1.5, consistent with previous reports [32] . For lower T = 0.025, clear differences emerge. Whereas for κ = 0.0, S(q, ω), is dominated by a broad peak around ω = 0, for κ = 0.1, the dominant peak is found at finite energy, ω ∼ 0.2. Moreover, this is accompanied by a multiplet of peaks at lower ω. At yet lower T = 0.012, the broad peak for κ = 0.0 persists, shifting upwards towards the vison gap ∆ V , whereas that for κ = 0.1 sharpens into a resonant peak at a higher energy.
To better analyse the T -dependence in more detail, we plot S(Γ, ω) at the Γ point, q = 0. This again shows, for κ = 0.1, a broad peak centred around ω = 0 at high temperature. Upon decreasing T , this zero-energy peak starts to diminish, and a sharp peak quickly evolves at finite energy, ω ∼ 0.2. In the transient regime, S(Γ, ω) shows a complicated structure, composed of three resonant peaks [Fig. 2 (c) ].
We next argue that these features reflect the proper-ties, discussed next, of the visons, and in particular, of the Majorana mode that accompanies them [33] . The fractionalisation of the spin degree of freedom tranlates into the observation that each single spin flip toggles the occupancy of one fermion mode, m, as well as the values of the fluxes in a pair of hexagons adjacent to the spin. The resulting resonance energy of process i → f is written as
where ε m is the m-th fermionic level, and E ZP is the fermionic zero-point energy, as defined above.
The crucial piece of physics at work now is the interaction between the modes residing on the visons. These form an anti-bonding orbital (ABO) and a bonding orbital (BO) at energies ±ε 0 , respectively [ Fig. 3 (d) : cen- ter], the energy splitting of which decreases, and vanishes exponentially, with the vison separation, L, [ Fig. 3  (b) ]. These 'Majorana zero modes' reside in the gap, Fig. 3 (d) : left] of the fermionic spectrum. We now find that E ZP + ε 0 is only very weakly dependent on separation L as long as κ is sufficiently large [Fig. 3 (c) ]; this means that the change of zero-point energy is dominated by the shift of, i.e. the interaction between, the vison Majorana modes, with the continuum levels contributing little difference, Fig. 3 (d) . Similar Majorana-mode interactions appear in the low-energy description of chiral superconductors [34, 35] and non-Abelian fractional Hall systems [36] .
This leads to a reciprocal relation for the resonance frequency, associated with the MZM: (6) i.e., a change between two flux configurations corresponds to the same energy in both directions! We now use these insights to discuss the three peaks of S(Γ, ω) at intermediate T = 0.025 in Fig. 3 (a) in turn. The lowest of the three peaks corresponds to shifting an essentially isolated vison (ε = 0, hence ω = 0) from one plaquette to the next, [Fig 3 (e) ]. The intensity of this peak decreases at low T with the number of thermally excited of visons, Fig 3 (a) . By contrast, the highest-energy peak involves the paircreation of visons, A → B in Fig. 3 (d) . Assuming only a pair of neighboring visons exist, we obtain E B ZP − E A ZP = 0.095654 and ε B 0 = 0.043986, which result in ω A→B res = 0.183626. This value well fits the position of peak [ Fig. 3  (a) ]. This peak quickly evolves into the sharp resonant peak at low T , a delta-function at T = 0 [16] .
The intermediate peak in turn directly reflects MZMmediated attractive interaction between the visons. The relevant process here is the dissociation of a neighbouring vison pair, B ↔ C in Fig. 3 (d) : E C ZP − E B ZP = 0.0078212 and ε C 0 = 0.035740 implies ω B→C res = 0.0793012. The energy of its reciprocal process is nearly equal ω C→B res = 0.0801508, due to the reciprocal relation, Eq. (6) . We note that pair formation of visons was recently discussed, associated with the low-temperature resonant peak observed in Raman scattering [12] .
The three peaks vary differently upon changing temperature and magnetic field. Like the lowest peak, the middle one requires thermally excited visons, and its intensity hence decreases with T . By contrast, the third is not activated as it creates a vison pair from the vacuum, at a cost of the vison gap, ∼ ∆ v , which increases with κ, resulting in the peak moving to higher ω with increasing κ.
Experiments: Finally, let us give a discussion on existing experiments. Inelastic neutron scattering experiments found a broad peak at ∼ 3 meV in the field-induced paramagnetic region [11] . It is tempting to associate it with the resonance peak due to vison pair creation [ Fig. 2 (i)], as pointed out by the authors. The major inconsistency with our analysis is the momentum dependence. In our analyses, S(q, ω) is almost flat in the entire Brillouin zone [ Fig. 2 (i) ]. However, the observed peak is around the Γ point, while the M point does not show substantial intensity. This inconsistency may be resolved by considering additional Heisenberg and Γ (Γ ′ ) interactions not included in our analysis. These interaction induce dynamics of the visons by violating the conserved nature of fluxes, which may alter the flat momentum dependence of S(q, ω).
Raman scattering experiments find a quick growth of a resonant peak around 5 meV upon lowering T to 2 K in the field-induced paramagnetic region [12] . This was attributed to the formation of vison pair, corresponding to our central peak obtained in the transient regime [ Fig. 3  (a) ]. Considering the continuing growth of the observed peak as T is lowered further, it however might invoke the pair-creation process, possibly assisted by Γ (Γ ′ )-type interactions. These interactions give rise to a vison pair of type C in Fig. 3 (d) , which will lead to a similar peak growth with the highest-energy peak in Fig. 3 (a) , and will continue to grow as lowering temperatures.
Discussion: How will the non-integrable interactions affect the resonant peaks? These interactions endow the visons with kinetic energy, and turn their thermal assembly into a 'vison metal'. The zero-energy resonant peak will be transformed into 'Drude peak', and it will accordingly stay at zero energy. We expect the higher two peaks to also persist as long as the bonding energy of visons dominates over their kinetic energy.
Vison dynamics will in turn affect the momentum structure of the resonant peaks. In the CSL phase, visons are expected to behave as Ising anyons. It is thus interesting to clarify how their statistical property affects-and inversely how we can extract information from-the mo-mentum dependence of the dynamical structure factor. The answer to this question opens an avenue to the longawaited observation of braiding of non-Abelian anyons in a magnet. We would like to leave this interesting problem for future work.
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